ABSTRACT. We study groups of biholomorphic and bimeromorphic automorphisms of projective hyperkähler manifolds. Using an action of these groups on some non-positively curved space, we immediately deduce many of their properties, including finite presentation, strong form of Tits' alternative, and some structural results about groups consisting of transformations with infinite order.
INTRODUCTION
The purpose of this paper is to prove some boundedness results on biholomorphic and bimeromorphic automorphism groups of hyperkähler manifolds using geometric group theory. Some of these facts should be known to experts, but their proofs (sometimes quite recent) have different nature. Our goal is to put them into the context of groups acting geometrically on CAT(0) spaces, and to explain some new and old statements from that point of view. The advantage of this approach is that a group Γ acting on a CAT(0) space «nicely» (properly and cocompactly by isometries) automatically has a lot of good properties which are classically known to people doing metric geometry. For example, a consequence of Švarc-Milnor lemma states that Γ is finitely presented in this case. For more properties see Section 3.
Throughout this note, we work over the complex number field C. By a hyperkähler manifold we mean a compact simply-connected complex Kähler manifold M having everywhere non-degenerate alternative states that any finitely generated linear algebraic group over a field is either virtually solvable (i.e. has a solvable subgroup of finite index), or contains a non-abelian free group. Following [Ogu06] let us say that a group G is almost abelian of finite rank r if there are a normal subgroup G ¡G of finite index and a finite group K which fit in the exact sequence
Then one has the following analogue of Tits' alternative for hyperkähler manifolds:
Theorem 1.1 ([Ogu06, Theorem 1.1]). Let M be a projective hyperkähler manifold and G be a subgroup of Bir(M ). Then G satisfies either: (1) G is an almost abelian group of finite rank, or (2) G contains a non-abelian free group.
In the non-projective case the situation is even simpler:
Theorem 1.2 ([Ogu08, Theorem 1.5]). Let M be a non-projective hyperkähler manifold. Then the group Bir(M ) (and hence Aut(M )) is almost abelian of rank at most max(ρ(M ) − 1, 1). In particular, these
groups are finitely generated.
In [CF18] , where the authors were able to give an affirmative answer to Oguiso's question.
Theorem 1.3 ([CF18, Theorem 1.5]). Let M be a projective hyperkähler manifold. Then the group Aut(M ) is finitely presented.
The goal of this note is to show that many finiteness properties of automorphism groups of projective hyperkähler manifolds (including Theorem 1.3 and Theorem 1.1) follow from the fact that these groups act geometrically on some metric space of non-positive curvature. These metric spaces are the so-called CAT(0) spaces. Roughly speaking, these are spaces which are at least as non-positively curved as the Euclidean plane. Our method is not new: its rough sketch can be found already in [Tot12] (in the context of K3 surfaces), and then it was applied in [Ben17] for proving that rational algebraic surfaces with a structure of so-called klt Calabi-Yau pair have finitely many real forms. However, to apply the same strategy to hyperkähler manifolds one needs to have some tools which were developed only recently (e.g. that the Kawamata-Morrison cone conjecture holds for hyperkähler manifolds). On the other hand, the fact that finite presentation of the automorphism group of a projective hyperkähler manifold was proved only in 2018, shows that connection of these manifolds with CAT(0) spaces is still not a common knowledge. Therefore, in this note we tried to give a reasonably self-contained account of the corresponding construction. Our first main result is the following: is a constant J = J(G ) (resp. B = B(G )) such that for any group Γ ∈ G and any finite subgroup G ⊂ Γ there exists a normal abelian subgroup A ⊂ G of index at most J (resp. |G| B). We say that Γ is Jordan (resp. has bounded finite subgroups) if the family {Γ} is uniformly Jordan (resp. bounded). In view of Theorem C and Remark 3.7 it is natural then to ask if the following group-theoretic analog of In some particular cases one can hope to obtain such bounds using results of [Gua01] , [Kur15] , and [Saw15] .
This paper is organized as follows. In Section 2 we recall some basic facts about hyperkähler manifolds, and then discuss the Kawamata-Morrison cone conjecture for these manifolds, proved by Amerik and Verbitsky in [AV17] for all possible values of second Betti number except b 2 = 5. We then indicate the proof of this conjecture in the case b 2 = 5, expanding the sketch of the proof from [AV18] .
Section 3 is devoted to CAT(0) metric spaces and properties of groups, which act geometrically on them. We show how the groups of biholomorphic and bimeromorphic self-maps of projective hyperkähler manifolds are related to these spaces, and then deduce Theorem B and Theorem C from Theorem A. We also obtain some structural results about groups consisting of transformations of infinite order. In Section 4 we construct a CAT(0) space, on which the groups Aut(M ) and Bir(M ) act properly and cocompactly by isometries, hence proving Theorem A. Although the construction of the space is not difficult, one should verify many technical conditions which guarantee that our groups act «nicely» on the resulting space. This is why we divided the proof into several steps, which we ex- 
where T is a complex torus, Y i are strict Calabi-Yau manifolds (with π 1 (
, and Z j are hyperkähler manifolds.
One of the most important properties of a hyperkähler manifold is the existence of BeauvilleBogomolov-Fujiki form (BBF-form for short) ( [Bea83, Fuj87] . This is an integral symmetric bilinear
. By means of BBF-form, the signature of the Neron-Severi group NS(M ) is one of the following:
We call these three cases hyperbolic, parabolic, and elliptic respectively. 
which in the case of hyperkähler manifolds preserves the BBF-form. In particular, there is a group homomorphism
We have the following important fact. Fano varieties they are rational polyhedral. However in general they can be quite mysterious: they can have infinitely many isolated extremal rays or «round» parts. Both phenomena occur already for K3
surfaces. The Kawamata-Morrison cone conjecture predicts that for Calabi-Yau varieties the structure of these cones (or rather some closely related cones) is nice "up to the action of the automorphism group". Before stating a suitable version of this conjecture, we need some definitions.
Let V be a finite-dimensional real vector space equipped with a fixed Q-structure. A rational polyhedral cone in V is a cone, which is an intersection of finitely many half spaces defined over Q.
In particular, such a cone is convex and has finitely many faces. For an open convex cone C ⊂ V we denote by C + the convex hull of C ∩ V (Q). (1, * ). Recall that for a discontinuous group Γ of isometries of a metric space (X , d ) and a point ξ ∈ X with a trivial stabilizer Γ ξ one defines the Dirichlet domain for Γ as the set
Dirichlet polyhedrons are known to have many good properties, in particular they are locally finite in 
CAT(0) GROUPS: DEFINITIONS AND APPLICATIONS
In this subsection we first recall some basic definitions of the theory of CAT (0) spaces, and then show how to use them to prove our results.
3.1. CAT(0) spaces. Let (X , dist) be a metric space. Recall that a geodesic segment joining two points
x, y ∈ X is the image of a path of length dist(x, y) joining x and y. We write [x, y] to denote some geodesic segment (which need not to be unique A geodesic metric space (X , dist) is said to be a CAT(0) space if for every geodesic triangle ∆ ⊂ X there exists a triangle ∆ ⊂ E n (here and throughout the paper E n denotes the Euclidean n-space with a standard metric) with sides of the same length as the sides of ∆, such that distances between points on ∆ are less or equal to the distances between corresponding points on ∆ . Informally speaking, this means that geodesic triangles in X are «not thicker» than Euclidean ones.
Definition 3.1 (CAT(0) groups). Let Γ be a group acting by isometries on a metric space X . This action is proper or properly discontinous if for each x ∈ X there exists r > 0 such that the set of γ ∈ Γ with
is finite (here and throughout the paper B (x, r ) denotes an open ball with center x and radius r ).
The action is cocompact is there exists a compact set K ⊂ X such that X = Γ · K . The action is called geometric if it is proper and cocompact. Finally, we say that Γ is a CAT(0) group if it acts geometrically on a CAT(0) space. Now we can state one of the main results of this paper. Proof. See after Theorem 4.1.
The following properties of CAT(0) groups will be crucial for us. Proof. Follows from Theorem 3.3 (2).
Of course, the second part of this statement (as well as Corollary 3.8 below) can be obtained using Minkowski's Theorem, which states that GL n (Q) has bounded finite subgroups (see e.g. [Ser07] ).
However, as we mentioned in Remark 1.4 the finiteness of conjugacy classes of finite subgroups is a much more subtle issue.
Remark 3.6. One can compare this result with [PS16, Theorem 1.8] which states that Bir(X ) has bounded finite subgroups provided that X is an irreducible algebraic variety which is non-uniruled and has h 1 (X , O X ) = 0. The latter condition is clearly true for any projective hyperkähler manifold X , and the former one holds since complex uniruled varieties have Kodaira dimension −∞, while Calabi-Yau manifolds have Kodaira dimension zero.
Remark 3.7. In dimension two, i.e. for projective K3 surfaces, it is known that the orders of their finite automorphism groups are bounded by 3840 (and this bound is sharp) [Kon99] .
Recall that a torsion group is a group in which each element has finite order. In general it is an open question whether torsion subgroups of any CAT(0) group are always finite. However in our case the answer to this question is positive. Proof. Put G * = Φ NS (G) and G 0 = G ∩ ker Φ NS . One has a short exact sequence 
Then
(1) either G contains a finite index subgroup isomorphic to Z n ;
(2) or G contains a non-commutative free group.
In particular, so are Bir(M ) and Aut(M ).
Proof. Put G * = Φ NS (G) . Then one has a short exact sequence of groups
with N being a finite group by Proposition 2. Hence G contains a finite index subgroup isomorphic to Z n .
3.3. Some applications to dynamics. Let (X , dist) be a metric space and f ∈ Isom(X ) be its isometry.
Then one can consider the displacement function of f
The translation length of f is the number Proof. First note that if a group Γ acts geometrically on a proper CAT(0) space then γ ∈ Γ has finite order if and only if γ is elliptic.
Let f ∈ Bir(M ) be of infinite order, i.e. either M -loxodromic or M -parabolic. Then, as was noticed 
Proof. Suppose that a group Γ acts geometrically on a CAT(0) space X , and γ is an element of infinite order. Then its centralizer C (γ) acts geometrically on the CAT(0) subset Min(γ) of X [Rua01, Theorem
3.2]. Thus we see that C ( f ) is a CAT(0) group, hence finitely generated by Theorem 3.3 (1). It remains to apply the Flat Torus Theorem (3) to
Given a finitely generated group and its arbitrary element, it is natural to ask how the iterates of this element behave with respect of generators. Namely, let Γ be a finitely generated group with finite symmetric generating set Σ = Σ −1 . Recall that the word metric on Γ is defined as
and the length of γ ∈ Γ is |γ| Σ = w Σ (id, γ).
and undistorted otherwise. The property of being undistorted is well known to be independent of choice of Σ. 
Then one has
where x 0 ∈ X M is an arbitrary point. Now let X be a CAT(0) space, δ be a semi-simple isometry, and
x ∈ X be any point. Then it is easy to check that
By the Flat Torus Theorem, the set Min(〈δ〉) ≡ ∩ k Min(γ k ) is γ-invariant ans splits as a product Y × E 1 such that δ acts identically on Y and by translations on E 1 . It then easily follows that δ n = n · δ . Now taking X = X M and δ = Θ(γ) we get from (1) and (2) that
Cohomological properties. Finally we would like to show that cohomological properties of Bir(M ) and Aut(M ) mentioned in [CF18] can be also obtained using our approach. Recall that a group Γ is called of type FL if the trivial Z[Γ]-module Z has a finite resolution by free Z[Γ]-modules of finite rank:
We say that Γ is of type VFL 6 if it is virtually FL, i.e. admits a finite-index subgroup satisfying property FL. We refer to [Bro82] for further finiteness properties of groups.
CONSTRUTION OF A CAT(0) SPACE
To prove Theorem 3.2 (and Theorem A) for a projective 7 hyperkähler manifold M we shall construct a CAT(0) space where the groups Bir(M ) and Aut(M ) act properly and cocompactly by isometries. As was mentioned in Introduction, here we follow the ideas sketched in [Tot12] (see also [Ben17] 6 Virtuellement une résolution Libre de type Finie 7 We mention once again that in non-projective setting all our statements follow from Oguiso's work [Ogu06] , [Ogu08] .
for more details), but try to make our exposition accessible for a non-expert in metric geometry. The main reference where the reader can find most technical facts used here is [Rat06] and [Apa00] . Our construction will involve a hyperbolic space, so we first recall some basic definitions.
Hyperbolic space and its isometries. A hyperbolic n-dimensional space is an n-dimensional
Riemannian simply connected space of constant negative curvature. Throughout this note we use several models of hyperbolic space, which we briefly describe below to establish notation. The main reference is [Rat06] . A reader with a good background in hyperbolic geometry can easily skip this subsection and go to Setup 4.2.
4.1.1. Standard models. Let V be a Minkowski vector space of dimension n + 1 with the quadratic form q : V → R of signature (1, n) and inner product of two vectors v 1 , v 2 denoted by 〈v 1 , v 2 〉. We will choose the coordinates x 0 , . . . , x n in V such that q = x Denote by E n the Euclidean n-space with standard Euclidean metric. By E n = E n ∪{∞} we denote its one-point compactification (e.g. C is the Riemann sphere). If a is a unit vector in E n and r ∈ R, then P (a, r ) is the hyperplane with unit normal vector a passing through the point r a. Further, S(a, r ) denotes the sphere of radius r centered at a. We shall also consider extended planes P (a, r ) = P (a, r )∪ {∞}. By a sphere in E n we mean either a Euclidean sphere or an extended plane (so, topologically a sphere too).
A p-sphere and a q-sphere of E n are said to be orthogonal if they intersect and at each finite point of intersection their tangent planes are orthogonal. One can show that P ⊂ B n is a hyperbolic m-plane of B n if and only if P is the intersection of B n either with an m-dimensional vector subspace of V 0 = E n , or an m-sphere of V 0 orthogonal to ∂B n .
In the Poincare ball model B n , a horoball based at a ∈ ∂B n is an Euclidean ball contained in B n which is tangent to ∂B n at the point a. Assume Γ contains a parabolic element having a ∈ ∂B n as its fixed point. A horocusp region is an open horoball B based at a point a ∈ ∂B n such that for all
Finally, we mention the upper half-space model
with a metric induced from B n in the following way. Let σ be the reflection of E n in the sphere S(e n , 2) and ρ be the reflection of Recall that a geodesic line (or just geodesic) in a Riemannian manifold M is a continuous map γ : R → M such that dist M (γ(x), γ(y)) = |x − y|. We also refer to the image of γ as a geodesic line. A Möbius transformation of E n is a finite composition of reflections of E n in spheres. Consider
If f is a reflection of E n−1 in P (a, r ) then f is the reflection of E n in P ( a, r ) where a = (a, 0). If f is a reflection of E n−1 in S(a, r ) then f is the reflection of E n in S( a, r ). The Poincaré extension of an 
Setup. Assume that we have:
• A vector space V of dimension n + 1, n 2, with a fixed Z-structure Λ ∼ = Z n+1 , Λ ⊗ R = V ;
• A quadratic form q : V → R of signature (1, n);
• Hyperbolic space (with models H n , B n and U n ), associated to (V , q);
• A convex cone C in V ;
• A group action Φ : Γ → GL(Λ) ⊂ GL(V ) with discrete image Φ(Γ) and finite kernel, such that Γ preserves C , q, and has a rational polyhedral (locally finite) fundamental domain Ω on C . Let Γ be either Aut(M ) or Bir(M ). By Proposition 2.1 there is a short exact sequence
with Γ * = Φ NS (Γ) and K a finite group. For any g ∈ Γ * one has det g = ±1.
By [LP3, Theorem 3.9] one has either Γ + = 1 or Γ + ∼ = Z. It suffices to consider only the last case. Here we have a short exact sequence
It is well known (and easy to show) that a finite-by-cyclic group is always virtually cyclic. This means that Γ , and hence Γ, is either finite, or Z up to finite index. But all such groups are CAT(0) groups (this follows e.g. from the Bieberbach Theorem, see [BH99, II.7, Remark 7.3]).
Sketch of proof of Theorem
where pr : V → V is the projection from the origin (inducing an isometry H n → B n ). Then D is a convex subset of B n . The group Γ acts on D with a fundamental domain Π D , which moreover has finitely many sides. We are going to show that D can be «decorated» a bit so that Γ acts properly and cocompactly on the resulting CAT(0) space.
Recall that a point a ∈ ∂B n = S n−1 is a limit point of a subgroup Γ ⊂ Möb(B n ) if there is a point b ∈ B n and a sequence {γ i ∈ Γ}
such that {γ i b}
converges to a. Let C (Γ) denote the convex hull of the set of limit points of Γ on B n . Note that this is a closed subset of
Step 1: There exists a finite family U of horocusp regions with disjoint closures such that Π \ U is compact. See paragraph 4.4 for details.
Step 2: Put U = γ∈Γ γ(U ).
Step 1 shows that Γ acts cocompactly on X \U .
Step 3: Besides, Γ acts properly discontinuously on B n , hence on X and X \U too. Since we assume that the kernel of the induced homomorphism
is finite, it suffices to show that Φ(Γ) acts properly on B n . By [Wol11, Lemma 3.1.1] if H and K are subgroups of a group G with K compact and G locally compact, then H is properly discountinous on G/K if and only if H is discrete in G.
Step 4: The radii of the horoballs of U can be decreased such that we obtain a new collection W of open horoballs with disjoint closures and X \ W is a CAT(0) space. This is explained in paragraph 4.3.
Step 5: The action of Γ on X \W clearly remains properly discountinuous. It also remains cocompact by Remark 4.7. This completes the proof. FIGURE 1. Construction of a CAT(0) space X M (of course, the reader should not take this picture too seriously, as typically we must delete infinitely many horoballs).
In the next two sections we explain the difficult parts of the proof. Obviously, a convex subset of a CAT(0) space is itself a CAT(0) space when endowed with the induced metric. In view of Theorem 4.2, to conclude that X \U is a CAT(0) space we need to check its convexity in B n \U (for the induced length metric), possibly after decreasing radii of U .
First let us mention the description of geodesics in the truncated hyperbolic space B n \U . horoballs. Now all β j are contained in X , so the whole geodesic between x and y is contained in X \W .
So, X \ W is a CAT(0) space. • a free abelian subgroup Ξ ⊂ Ξ of rank m and finite index;
• an Ξ-invariant m-plane Q ⊂ E n such that Ξ acts effectively on Q as a discrete group of translations.
Moreover, the group Ξ is a crystallographic group of Q, meaning that Q/Ξ is compact.
This is an open Γ ∞ -invariant subset of U n . It is called a cusped region for Γ based at ∞ if for all γ ∈ Γ\Γ ∞ we have
Viewed in B n model when m = n − 1, the sets U (Q, ε) are just horocusp regions based at ∞, as defined in Subsection 4.1. Let c ∈ E n−1 be a point fixed by a parabolic element of a discrete subgroup Γ ⊂ Möb(U n ). A subset U ⊂ U n is a cusped region for Γ based at c if upon conjugating Γ so that c = ∞, the set U transforms to a cusped region for Γ based at ∞. A cusped limit point of Γ is a fixed point c of a parabolic element of Γ such that there is a cusped region U for Γ based at c.
Recall that by L(Γ) we denoted the set of limit points of Γ in B n , and by C (Γ) the convex hull of
Step 1 is the content of the following claim 9 .
Proposition 4.4. Let Γ ⊂ Isom(B n ) be a discrete subgroup, and Z be a Γ-invariant convex subset of B n .
Assume that the action of Γ on Z has a finitely sided (locally finite) polyhedral fundamental domain Π.
Then there exists a finite union V of horocusp regions with disjoint closures such that (Π ∩ C (Γ)) \ V is compact in Z .
In what follows Π will denote the closure of fundamental polyhedron Π in B n . The most importing step in the proof Proposition 4.4 is the following Lemma. Before proving it, recall that a conical limit (approximation) point for a subgroup Γ ⊂ Möb(B n ) is a point a ∈ ∂B n such that there exists a point x ∈ B n , a sequence {γ i ∈ Γ}
, a geodesic ray β ⊂ B n ending at a and r ∈ R >0 such that {γ i x} Example 4.6. A fixed point a of any loxodromic element γ ∈ Γ is always a conical limit point. Indeed, replacing γ with γ −1 we may assume that a is the attractive fixed point. Then for any point x on the axis of γ the sequence {γ i x}
converges to a.
Proof of Lemma 4.5. First, P contains no loxodromic fixed points, as it cannot contain conical limit points. Indeed, assume that a ∈ P is a conical limit point. Pick a point u ∈ Π. Then there is a geodesic
be a sequence such that γ i (0) converges to a in some N (β, s). The condition dist(γ i (0), β) < s implies that we have γ
we have δ i (Π) ∩ B (0, s) = ∅, which contradicts the local finiteness of Π.
Suppose p ∈ P . We now work in U n model and may assume that p = ∞. As Π has finitely many sides, there are finitely many points in P lying in Γ-orbit of p. Let these points be γ i (∞) where
. This group acts by Euclidean isometries of E n−1 . By the Bieberbach theorem there exists a free abelian subgroup Γ • ⊂ Γ ∞ of finite index m and rank r n − 1, thus there
Let γ ∈ Γ be an element such that ∞ ∈ γ(P ). Then for some γ i one has γγ i ∈ Γ ∞ . Therefore γ lies in one of finitely many sets
. This implies that Γ • is not trivial: otherwise a neighborhood of ∞ would intersect only finite number of polyhedra γ(Π), and hence ∞ ∉ L(Γ).
If r = n − 1, then all U (Q, ε) are just horoballs based at p. It is not difficult to show that for ε big enough 10 they satisfy U (Q, ε) ∩ γU (Q, ε) = ∅ for all γ ∉ Γ ∞ , see e.g. [Apa00, Theorem 3.15] (note that this theorem is applicable as we proved that Γ • = id, so Γ contains Euclidean translations). In particular, p is a cusped point. Let r < n − 1, and denote by W a minimal Γ ∞ -invariant r -plane in
• is generated by r Euclidean translations by linearly independent vectors v i ∈ E n−1 .
Then we may assume that any γ
The previous paragraph shows that for all γ ∉ Γ ∞ polyhedron γ(Π) lies in one of finitely many hyper- 
10 Here we consider horoballs as half-spaces {x ∈ U n : x n > ε}, hence big ε corresponds to a «small» horoball in the Poincare ball model B n , Therefore, we get that all polyhedra γ(Π), γ ∉ Γ ∞ , belong to a bounded Euclidean neighborhood of W , i.e. they lie outside some cusped region which satisfies (3) then. Hence, p is a cusped limit point. be an unbounded sequence of points in K . By passing to a subsequence, we may assume that {x i } converges to a point a ∈ ∂B n . Then a is in the set
Proof of Proposition
We conclude that a = c j for some j .
• Let us pass to the upper half-space model U n and conjugate Γ so that a = ∞. Recall that by construction this is a cusped limit point. The Bieberbach Theorem gives us Q -a Γ ∞ -invariant m-plane of E n−1 such that Q/Γ ∞ is compact. We claim that there exists r > 0 such that L(Γ) ⊂ N (Q, r ). Indeed, take U (Q, r ) to be a cusped region based at a. Then we have • Now denote by p : U n → E n−1 the vertical projection. Since C (Γ) is the intersection of all hyperbolic convex subsets of U n containing L(Γ), and an r -neighborhood of a convex set is convex,
As in [Rat06, Lemma 2, §12.3] one can show 11 that dist E n (x i ,Q) → ∞, so the sequence of n-th coordinates of x i also converges to ∞, which means that x i is in B j for all sufficiently large i (that was not clear a priori, since, informally speaking, x i could converge to a "tangentially" to B j , without entering this horoball). But this is is a contradiction, since K is disjoint from B j . Thus K is bounded, hence also compact.
11 Note that in the cited lemma it is in fact not important that Π is a fundamental polyhedron for the action of Γ on the whole U n .
Remark 4.7. Note that after finding horoballs B i corresponding to cusped regions U i , we can further shrink them if needed, and the proof of the compactness of (Π ∩C (Γ) \ V ) still remains valid.
FURTHER EXAMPLES
Here we discuss some examples where the Kawamata-Morrison cone conjecture is known to be true. • Halphen surfaces of index m 1, i.e. smooth projective rational surfaces X such that | − mK X | is a pencil without base points and fixed components. It can be shown that X is a Halphen surface if and only if there exists an irreducible pencil of curves of degree 3m in P 2 with 9 base points of multiplicity m (maybe infinitely near) such that X is the blow-up of these 9 base points and | − mK X | is the strict transform of this pencil. This is equivalent to the existence on with finite image such that ker ρ is an extension of a free abelian group of rank 8 by a cyclic group of order dividing 24. In particular Aut(X ) is finitely generated and satisfies Tits' alternative. In [CO12] it was shown that for N 3 and generic X one has Aut(X ) = id, and Ψ is in fact an isomorphism (in particular, Bir(X ) is finitely presented and satisfies Tits' alternative). Recall that given a Coxeter system (W, {s j } 
